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Double Diffusion in a Porous Cavity Saturated
with Non-Newtonian Fluid

D. Getachew,* D. Poulikakos,† and W. J. Minkowycz‡
University of Illinois at Chicago, Chicago, Illinois 60607

A numerical and theoretical study of double-diffusive natural convection within a rectangular porous
cavity saturated by a non-Newtonian � uid and characterized by a power-law model is conducted. The
conditions on the vertical walls are of a constant temperature and concentration. The theoretical method
utilizes the pure scaling arguments to estimate, in an order-of-magnitude sense, the type of � ow and the
heat and mass transfer patterns that can develop in the enclosure. The results obtained using the scaling
arguments are then veri� ed by performing a series of numerical experiments. Numerical solutions for
the � ow� eld, the temprature and concentration distributions, and the heat and mass transfer rates are
obtained for a wide range of parameters. Results are presented for 50 # Ra # 500, 0 # N # 20, 0.1 #

Le # 500, and 0.5 # n # 1.6. The order-of-magnitude predictions for the overall heat and mass transfer
rates and their respective domains of validity are shown to be in agreement with the results produced
by discrete numerical experiments.

Nomenclature
A = aspect ratio
C = concentration
cpf = speci� c heat of the � uid
Dm = mass diffusivity
g = magnitude of the gravity vector
gÇ = gravitational body force
H = total height of the cavity
i, j = indices
_ = modi� ed permeability of porous medium
K - = effective thermal conductivity of the porous

medium
L = total length of the cavity
Le = Lewis number
m = consistency index of a power-law � uid
N = buoyancy ratio
Nu = Nusselt number
n = � ow-behavior index
q = heat transfer per unit depth
q f = heat � ux in the � uid phase
Ra = modi� ed Rayleigh number for power-law � uid
S = source term
Sh = Sherwood number
T = dimensionless temperature
Tf = temperature
u, v = dimensionless velocity components
u f , v f = velocity components
v = velocity vector
x, y = dimensionless coordinates in the physical domain
x̄, ȳ = coordinates in the physical domain
am = thermal diffusivity of the porous medium
b = volumetric expansion coef� cient of thermal

expansion
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bc = volumetric expansion coef� cient of concentration
expansion

r f = density of the � uid
f = general dependent variable
§ = porosity
c = stream function

Introduction

I NTEREST in studying the phenomena of momentum, mass,
and heat transfer in a porous medium con� ned between two

vertical walls maintained at different temperatures and differ-
ent concentrations of a certain chemical species stems from 1)
the fundamental considerations, such as to develop a better
understanding of the underlying physical processes; and 2) the
practical considerations, such as the migration of moisture
through the air contained in � brous insulations and grain-stor-
age installations, and the dispersion of chemical contamination
through water-saturated soil. Considerable research effort has
been expanded in exploring and understanding the physics of
momentum, heat, and mass transfer in these systems when the
� uid exhibits simple Newtonian behavior. Indeed, books and
research monographs providing a comprehensive account of
developments in this area are now available.1– 3 However, rel-
ative to the research activities on Darcy � ow driven by a single
buoyancy effect, the work on convection driven by two si-
multaneous buoyancy effects is quite limited.2,4,5 Trevisan and
Bejan2 numerically studied the � ow in a square cavity with
adiabatic and impermeable horizontal walls and two vertical
walls maintained at different temperatures and concentrations.
Using a scale analysis, the order of magnitude for the overall
heat and mass transfer rates, and their respective domains of
validity were predicted and assessed by an extensive series of
numerical simulations. Alavyoon and co-workers4,5 considered
other boundary conditions for the cases of cooperative and
opposing buoyancy forces. The problem was studied using nu-
merical and analytical methods and scale analysis. An approx-
imate analytical solution developed by these authors was found
to be in good agreement with their numerical results. Recently,
Goyeau et al.6 studied the double-diffusive natural convection
in a porous cavity using the Darcy– Brinkman model; their nu-
merical results clearly show the in� uence of the Darcy number.

In all of the aforementioned investigations, the � uids satu-
rating the porous medium were assumed to be Newtonian � u-
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Fig. 1 Schematic diagram of the physical model and the coor-
dinates system.

ids. However, not all liquids of industrial signi� cance display
Newtonian-law behavior. It is now acknowledged that most
materials encountered in chemical-, biochemical-, and mineral-
processing applications do not adhere to classical Newtonian
behavior and are accordingly classi� ed as non-Newtonian � u-
ids. Clearly, it is beyond the scope of this paper to undertake
a detailed discussion of non-Newtonian � ow behavior per se
and of the large number of rheological equations of state that
have been devised to portray the behavior of real � uids. Com-
prehensive accounts of developments in this � eld are available
in number of publications.7– 9

In the literature survey, we were not able to identify any
published studies on double diffusion in a porous cavity sat-
urated with a non-Newtonian � uid. Even in the limit of con-
vection in a rectangular porous cavity saturated with a non-
Newtonian � uid driven by temperature gradient alone, the
number of existing works is very limited. To this end, Bian et
al.10,11 and Getachew et al.12 studied analytically and numeri-
cally the problem of natural convection (driven by temperature
gradient) in a porous cavity saturated by a power-law � uid.
They found a signi� cant dependence of the temperature � eld
and of the heat transfer rate on the power-law index. The prob-
lem for a simple geometry of a single vertical wall in a satu-
rated porous medium with simultaneous heat and mass transfer
from the wall was solved via scale analysis and numerical
simulations by Rastogi and Poulikakos.13 They showed that the
buoyancy-driven � ow that coats the wall can have, depending
on the order of magnitude of the buoyancy ratio and the Lewis
number, one of the four two-layer structures. Their results doc-
umented that the variation of the wall temperature and con-
centration, necessary to yield a constant heat and species � ux
at the wall, depend on the power-law index.

Considering the research contributions reviewed in the pre-
ceding text, the objective of the analytical and numerical work
of the present study is to predict the characteristics of steady
natural convection heat and mass transfer of non-Newtonian
� uids in an enclosed porous medium. Scaling analysis is per-
formed to identify the various � ow, heat transfer, and mass
transfer regimes. Also, detailed numerical solutions of the gov-
erning equations using a control volume-based � nite difference
method are obtained for a large range of values of the gov-
erning parameters. The results presented here are relevant to
an adequate understanding of the general � ow and heat and
mass transfer characteristics of non-Newtonian � ows in a po-
rous cavity.

Formulation of the Problem
Consider the two-dimensional system de� ned in Fig. 1. The

porous medium is assumed to be saturated with a purely vis-
cous non-Newtonian � uid that is of the Ostwald de Waele
power-law type. Horizontal temperature and concentration dif-
ferences are speci� ed between the vertical walls (T1 and C1 at
the left wall and T0 and C0 at the right wall). The top and the
bottom walls are considered to be perfectly insulated. The co-
ordinate system is de� ned so that the vertical axis points ver-
tically upward in the direction opposite to the gravity vector
of magnitude g. The x axis is horizontal. The combined effect
of temperature and species concentration nonuniformities in
the � uid-saturated porous medium causes density changes to
the � uid in the cavity and leads to a buoyancy-driven circu-
lation. Employing the Boussinesq approximation, the density
variation can be expressed as

r > r [1 2 b (T 2 T ) 2 b (C 2 C )] (1)f 0 f 0 c 0

where the zero subscript indicates the property of the mixture
in a reference state and bf is the volumetric thermal expansion
coef� cient. The resulting � ow is treated as steady, laminar, and
two dimensional. Furthermore, in the formulation of the prob-
lem, it has been assumed that 1) the � uid properties are con-
stant, except for the density variation in producing the buoy-

ancy force; 2) the viscous drag and inertia terms are neglected;
3) the velocity slip at the bounding surfaces is permitted; and
4) the viscous heat dissipation, the compression work, and the
heat generation are assumed to be negligible. The equations
that account for the conservation of mass, energy, constituent
and momentum, according to the preceding assumptions, are

­v­u ff
1 = 0 (2)

­x̄ ­ȳ

­T ­T ­T ­T­ ­f f f f
u 1 v = a 1 a (3)f f m mS D S D­x̄ ­ȳ ­x̄ ­x̄ ­ȳ ­ȳ

­C ­C ­ ­C ­ ­C
u 1 v = D 1 D (4)f f m mS D S D­x̄ ­ȳ ­x̄ ­x̄ ­ȳ ­ȳ

­p « n2 1u
f= 2 uv u (5)f

­x̄ K

­p « n2 1v f2 r g[1 2 b (T 2 T ) 2 b (C 2 C )] = 2 uv u0 f f 0 c 0 f
­ȳ K

(6)

Next, the elimination of p between the two equations yields

­T« ­ « ­ ­Cfn21 n21u vf f( uv u ) 2 ( uv u ) = 2r gb 2 r gbf f f f f c
K ­ȳ K ­x̄ ­x̄ ­x̄

(7)

where

2m 2 2 1/2« = , uv u = (u 1 v ) (8)f f fn
n(n1 1)/2 (n21)/28 (K§) S D1 1 3n

The temperature and the concentration gradients on the right-
hand side of Eq. (7) account for the two buoyancy effects that
drive the � ow and heat and mass transfer processes. In the
preceding equations, « is a parameter in the power-law model
given by Pascal,14 T represents the local equilibrium temper-
ature of the � uid and the porous matrix, and C is the concen-
tration of the constituent per unit volume of the porous me-
dium (solid and � uid). The relevant hydrodynamic and thermal
boundary conditions, shown in Fig. 1, are

u = 0, T = T , C = C at x̄ = 0 (9)f 1 1

u = 0, T = T , C = C at x̄ = L (10)f 0 0
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­T ­C
v = 0, = 0, = 0 at ȳ = 0, H (11)f

­ȳ ­ȳ

The � ow, concentration, and temperature � elds in the porous
cavity can be obtained by solving Eqs. (2 – 4) and Eq. (7),
subject to the boundary conditions given by Eqs. (9– 11).

In the following sections we develop the analytical and nu-
merical solutions. The analytical solution utilizes pure scaling
arguments1,15 to estimate in an order-of-magnitude sense the
type of � ow and the heat and mass transfer regimes that can
exist; whereas for the numerical solutions, a control volume-
based � nite difference scheme has been used to discretize the
conservation equations, and a power-law scheme has been
used to evaluate the � nite difference coef� cients. The detailed
description of the method may be found in Ref. 12. The im-
plementation of these two methods for solving the aforemen-
tioned problem will be discussed in the following sections.

Scale Analysis
To enhance the interpretation of the numerical results of this

study, a scaling analysis is performed that shows the many
distinct � ow and heat and mass transfer regimes that can exist.
For the case where the � uid is Newtonian (n = 1), Trevisan
and Bejan2 identi� ed these regimes on the basis of numerical
experiments and scale analysis. As pointed out in Ref. 2, in
view of the many dimensionless parameters that govern the
natural-convection phenomenon, the task of selecting the best
cases for direct numerical simulation and to assess the effect
of each of these dimensionless parameters is complicated.
Thus, following the work presented in Ref. 2, the natural con-
vection � ow under consideration may be divided into two lim-
iting classes: 1) � ows dominated by the buoyancy effect be-
cause of temperature changes, i.e., heat transfer-driven � ow;
and 2) � ows dominated by the buoyancy effect dominated by
density changes associated with the concentration variation,
i.e., mass transfer-driven � ow.

Heat Transfer-Driven Flows

The scale equivalence for the mass, energy, and momentum
equations in a vertical thermal boundary-layer region of thick-
ness dT and height H are taken as

u dT
; (12)

v H
2

v u H DT dT
DT 1 1 ; a 1 1 (13)mS D F S D G2H v d d HT T

2 n2 1 2

v d rgb_ DTTdTv 1 1 2 1 ; 2 (14)F Î G FS D GS Dd H « dT TH

Because dT 3 H is a boundary layer, we may assume dT <<
H. Based on the preceding equations, solving the system [Eqs.
(12– 14)] for the three unknowns, the scales for the vertical
boundary layers in the cavity are

am 1/nv ; (Ra) (15)
H

2 (1/2n)d ; H(Ra) (16)T

am 1/2nu ; (Ra) (17)
H

where the modi� ed Darcy– Rayleigh number for a non-New-
tonian � ow, based on the height of the cavity, is de� ned as

nrgb _H DTf
Ra = n«am

Although in the present limit the � ow is driven by the tem-
perature gradient, a mass transfer occurs because the constit-
uent in the mixture is carried along with the � ow and, at the
same time, is rich in the species-diluted mixture. Thus, to ob-
tain the scale equivalence of the constituent equation, we de-
note the concentration boundary-layer thickness by dc. In the
� ow region of thickness dc and height H, the concentration
equation [Eq. (4)] requires

2

v u H DC dC
DC 1 1 ; D 1 1 (18)mS D F S D G2H v d d HC C

Assuming dC << H and using Eq. (12), Eq. (18) takes the form

2H
2(1/n)d (d 1 d ) ; (Ra) (19)C T C

Le

In the heat transfer-driven � ow, the velocity boundary layer is
dT thick and the concentration boundary layer is dC thick. Thus,
2(dT 1 dC) should represent the vertical boundary-layer region,
where the � uid � ows vertically as a result of the thermal gra-
dient and, at the same time, has a high concentration of the
constituent. The implication of the preceding statement is that
the order of the quantity (dT 1 dC) depends on the relative
magnitude of dT and dC. This leads to the following two pos-
sibilities:

2(d ) if d < d Case 1T T C(d 1 d ) ; (20)T C H2(d ) if d > d Case 2C T C

Based on the preceding argument, Eq. (19) yields the follow-
ing scales for dC:

For Case 1:

2 1 (2 1)/2nd ; HLe (Ra) (21a)C

For Case 2:

2(1/2) (2 1)/2nd ; HLe (Ra) (21b)C

The scaling analysis presented in the preceding text may be
utilized to set the criteria for distinguishing the distinct regimes
that are possible when the buoyancy effect is caused mainly
by temperature gradients. To this effect we will focus on two
limiting cases. First, consider the criterion for having distinct
thermal boundary layers (dT << L). For this case Eq. (16) im-
plies that

1/2n(L /H )(Ra) >> 1 (22)

Furthermore, from the scales of dC and dT given by Eqs. (16)
and (21), it can be shown that

21d Le when d << dC T C; (23)2(1/2)HLe when d >> dd T CT

which can be used to set the following criteria:

Le >> 1 when d >> d (24)T C

Le << 1 when d << d (25)T C

In addition, for the case where dC >> dT, although we assumed
that dT << L, it is possible that the concentration boundary
layers can be distinct for dC << L or not distinct when dC ;
L. For the case where dC << L, Eq. (21a) yields the following
criterion:

1/2nLe(L /H )Ra >> 1 (26)
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Fig. 2 Flow regimes when the buoyancy is caused by tempera-
ture gradient.

The second limit of interest is the case when the thermal
boundary layers are not distinct. For this situation, the scaling
laws obtained from the mass and the momentum equations in
the L 3 H region are

(u/L) ; (v /H ) (27)

nv ; (rgb _/«)DT (28)f

from which we get the following scales for (u, v ):

1/nu ; (L /H )(a /H )(Ra) (29)m

1/nv ; (a /H )(Ra) (30)m

From the energy equation and employing these vertical
scales, it can be shown that

2

vertical convection v DT /H L 1/n= ; (Ra) (31)S D2lateral diffusion a DT /L Hm

Absence of a distinct thermal boundary layer implies that lat-
eral diffusion is greater than vertical convection. Thus, Eq.
(31) yields the following criterion:

1/2n(L /H )(Ra) << 1 (32)

Also, employing the result obtained for case 2 [see Eq. (21b)],
it can be shown that

1/2 1/2n(L /H )Le (Ra) >> 1 (33)

In conclusion, for the heat transfer-driven � ow, the results
presented in this section show that, for the given values of the
aspect ratio and power-law index, the � ow regimes occupy
well-de� ned regions in the two-dimensional Le– Ra domain.
For a square cavity, the logarithmic plot of this domain is
depicted in Fig. 2. The effect of the � uid motion on the overall
heat and mass transfer rates was calculated by computing the
diffusion-referenced Nusselt and Sherwood numbers de� ned,
respectively, by

Nu = Q/[K -H(T 2 T )/L]1 0
(34)

Sh = j 9/[D H(C 2 C )/L]m 1 0

where Q and j 9 are the heat and mass transfer rates. The scale
equivalent of the Nusselt and the Sherwood numbers, respec-
tively, are

Nu ; (L /d ), Sh ; (L /d ) (35)T C

Employing these results, the main conclusions of the scale
analysis regarding the overall heat and mass transfer rates are
shown for each subdomain in Fig. 2.

Mass Transfer-Driven Flows

For the case where the � ow is driven by buoyancy primarily
because of concentration gradients, the order-of-magnitude
equivalent of the mass, constituent, and momentum equations
are

u dC
; (36)

v H

2 n2 1 2

v d rgb _ DCC CdCv 2 1 ; 2 (37)F Î G FS D G1 1S Dd H « dC CH

2

v u H DC dC
DC 1 1 ; D 1 1 (38)mS D F S D G2H v d d HC C

Equations (36– 38) imply that, in the dC 3 H region, the
scales for the vertical boundary layers for the mass transfer-
driven � ow are

1/n

rg_b DC aC m 1/nv ; Þ v ; (RaN ) (39)S D« H

(2 1)/n
D rg_b DCm C2 2(1/2) 2 (1/2n)d ; Þ d ; HLe (RaN ) (40)C CS DH «

d aC m 2 (1/2) 1/2nu ; v Þ u ; Le (RaN ) (41)
H H

To obtain the scale equivalent of the energy equation, we let
dT denote the thermal boundary-layer thickness, or

2

v u H DT dT
DT 1 1 ; a 1 1 (42)mS D F S D G2H v d d HT T

Assuming that dT << H

2 (21)/nd (d 1 d ) ; H (RaN ) (43)T T C

Using the fact that in the mass transfer-driven � ow the ve-
locity boundary layer is dC thick and the temperature boundary
layer is dT thick, and following the arguments presented in the
preceding section, it can be shown that for the case where dT

> dC

1/2 2(1/2n)d ; HLe (RaN ) (44)T

whereas, for the case where dT < dC

2 (1/2n)d ; H(RaN ) (45)T

Figure 3 shows the Le vs Ra uN u plane and the relative position
of all the � ow regimes possible for the mass transfer-driven
� ow. Figure 3 also shows the scaling predictions concerning
the overall heat and mass transfer rates in the form of Nu and
Sh.
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Fig. 3 Flow regimes when the buoyancy is caused by concentra-
tion gradient.

Table 1 Comparison of Nusselt and Sherwood numbers
between the present results and those reported in Refs. 2 and 6

Ra Le Nu Sh

Ref. 2

Nu Sh

Ref. 6

Nu Sh

5000 1.00 1.97 1.97 2.02 2.02 1.98 1.98
10.00 1.97 8.63 2.02 9.69 1.98 8.78

100.00 1.00 3.07 3.07 3.27 3.27 3.11 3.11
10.00 3.07 13.10 3.27 16.69 3.11 13.25
50.00 3.07 28.90 —— —— 3.11 29.72

400.00 1.00 7.58 7.58 9.69 9.69 7.77 7.77
10.00 7.58 27.90 9.69 30.73 7.77 28.41

Numerical Method
Nondimensionalization

The numerical solution is aided by rewriting Eqs. (2 – 4) and
Eq. (7) in nondimensional forms by de� ning a new set of
variables given by

(T 2 T )x̄ ȳ f c
x = , y = , T =

H H (DT )
n2 1(C 2 C ) u «af 0 f

C = , u = (46)n21(DC ) r g_b DTLf f

n2 1 n2 1v «a c «af f
v = , c =n2 1 nr g_b DTL r g_b DTLf f f f

where c f is the stream function [u f = (­cf /­ȳ ), vf = 2(­cf/­x̄)].
Using these transformations the dimensionless governing equa-
tions for the case of Darcy’s � ow are

n 2 2L ­(uT ) ­(v T ) ­ T ­ T
Ra 1 = 1 (47)S D F G 2 2H ­x ­y ­x ­y

n 2 2L ­(uC ) ­(v C ) ­ C ­ C
LeRa 1 = 1 (48)S D F G 2 2H ­x ­y ­x ­y

2n 2 n
L ­ ­c ­ ­cn2 1 n21 n21Ra uv u 1 uv uS D F S D S DGH ­x ­x ­y ­y

­T ­C
= 2 2 N (49)

­x ­x

The dimensionless boundary conditions become

u = 0, c = 0, T = 1, C = 1 at x = 0 (50)

u = 0, c = 0, T = 0, C = 0 at x = 1 (51)

­T ­C
v = 0, c = 0, = 0, = 0

­y ­y

H
at y = 0, y = (52)

L

Equations (47– 49), together with the boundary conditions
given by Eqs. (50– 52), complete the problem de� nition. The
solution is dependent on Ra, the N, Le, the power-law index
n, and the aspect ratio L /H. These dimensionless groups are
given by

nrgb _H DT b DC af c m 2 2Ra = , N = , Le = , uv u = u 1 vÏn«a b DT Dm f m

(53)

The average heat and mass � uxes at the walls are given in
dimensionless terms by the Nusselt and the Sherwood num-
bers, de� ned, respectively, as

A A

1 ­T 1 ­C
Nu = dy, Sh = dy (54)E EA ­x A ­x0 0

Numerical Experiments

To perform the numerical experiments, a control volume-
based � nite difference scheme has been used to discretize the
conservation equations.14 The discretization equations (which
are the algebraic counterparts of the foregoing differential
equations), are derived by integrating the governing differen-
tial equations over a control volume. The heat and mass � uxes
across the boundaries of each control volume were calculated
using the power-law scheme. The discretized equations were
then treated as a set of linear equations and solved, iteratively,
using the line-by-line method idea proposed by Patankar.16 An
82 3 82 uniform grid was found to accurately model the so-
lution � elds described in the results for most of the cases con-
sidered. The detailed description of this procedure is given in
Refs. 12 and 16– 18.

Two criteria were applied in this study: 1) pointwise con-
vergence for the stream function, temperature, and concentra-
tion � elds; and 2) the global convergence for the total heat
and mass transfer rate at the hot wall. The criterion used for
iterative convergence was

u (f ) 2 (f ) ui, j new i, j oldO
i, j

< r (55)f

u (f ) ui, j newO
i, j

whereas, for the global convergence we used the conditions
that

(Nu) 2 (Nu) (Sh) 2 (Sh)x=1 x=0 x=1 x=0
< 0.01, < 0.01U U U U(Nu) 1 (Nu) (Sh) 1 (Sh)x=1 x=0 x=1 x=0

(56)

where f stands for c, T, or C, and r f has been taken as 1024.

Numerical Accuracy Test

To validate the code we compared the present results to
those reported in the literature for the limiting case of New-
tonian � uid � ow. To our knowledge, the only available results
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Fig. 5 In� uence of the power-law index on the patterns of a) streamlines, b) isotherms, and c) concentration lines (for Ra = 100, Le =
10, and N = 0).

Fig. 4 Mass transfer by thermal and natural convection (N = 0).

in this con� guration have been proposed by Trevisan and Be-
jan2 and Goyeau et al.6 The results of these comparisons are
given in Table 1, where the numerical predictions of the overall
Nusselt numbers and the Sherwood numbers obtained at the
hot wall, for various values of Ra and Le, along with the cor-
responding numerical results reported in Refs. 2 and 6, are
presented.

It may be seen from the results that the agreement with the
reference solutions available in Ref. 6 is excellent. However,
some discrepancy between the present results and those of Ref.
2, where the discordance is particularly signi� cant at the higher
values of the Rayleigh number, is observed. The conjecture
stated in Ref. 6, i.e., that the results proposed in Ref. 2 some-
what overestimate the Nusselt and Sherwood numbers, seems

to be accurate. A comparison of the present results and those
of Goyeau et al.,6 and Trevisan and Bejan,2 with the analytical
results reported by Walker and Homsy,19 indicates that the nu-
merical results based on the present algorithm and those re-
ported in Ref. 6 also agreed well with those obtained in Ref.
19.

Results and Discussion
The approximate solutions developed in the scale-analysis

section are valid asymptotically in the limit of high- and low-
buoyancy ratios. From the scale-analysis results, we see that
the possible � ow regimes occupy well-de� ned regions in the
two-dimensional domain (see Figs. 2 and 3). These � ow re-
gimes are identi� ed as I, II, III, IV, and V. Each of the regimes
has its own characteristics and depends on the parameters as-
sociated with the problem: Ra, Le, n, and N. By varying only
one of these parameters, while � xing the others, we may ob-
serve a change in the � ow regions. One interesting feature
revealed by the scale analysis is that for both the heat transfer-
driven � ow and the mass transfer-driven � ow, the variation of
the power-law index, for � xed values of Ra and Le, also
changes the � ow structure. For example, Fig. 2 shows the ef-
fect of n on the possible � ow regimes for the heat transfer-
driven � ow; whereas Fig. 3 shows the effect on the mass trans-
fer-driven � ow. On each subdomain (see Figs. 2 and 3), the
main conclusions of scale analysis regarding the overall heat
and mass transfer rates are clearly stated.

In this section numerical solutions of the complete govern-
ing equations are presented. These solutions, which can handle
both the heat transfer-driven � ows and the mass transfer-driven
� ows, will be used to determine the accuracy of the results
predicted using scale analyses. The range of parameters that
has been examined in this study concern the N > 0 domain
(cooperating buoyancy forces). The values of N have been
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Fig. 6 In� uence of the power-law index on the pattern of a) streamlines, b) isotherms, and c) concentration lines (for Ra = 100, Le =
0.1, and N = 0).

Fig. 7 Mass transfer as a function of the dimensionless group
(NRa)1/nLe.

taken in the range between 0 and 20, where N = 0 corresponds
to the heat transfer-driven � ow, and N $ 1 corresponds to mass
transfer-driven � ow. All simulations are performed in the range
0.1 # Le # 500 and 10 # Ra # 500. The in� uence of the
power-law index has been analyzed by varying the values of
n from 0.5 to 1.6, which includes shear-thinning (n < 1) and
shear-thickening (n > 1) � uids. With a view to illustrate the
crucial features and the domain of the validity of the scaling-
analysis solutions, a representative selection of the results is
presented in Figs. 4 – 10.

Mass Transfer Results

Numerical results for shear-thickening � uids (n > 1) and
shear-thinning � uids (n < 1) for a range of Le and Ra values,
corresponding for the heat transfer-driven � ow, are displayed
in Table 2. The numerical results show that the Sherwood num-
ber clearly increases with increasing Le and Ra. This is in
agreement with the analytical results of the scale analysis
[from Eq. (35)]

n 1/2Sh ; (L /H )( RaLe) (57)Ï

As a � rst test of the validity of the scaling results and using
the data presented in Tables 1 and 2, the numerical results
obtained on the entire range of parameters given in the tables
are displayed in Fig. 4 as a function of [(Ra)1/nLe]. A regression
of the results leads to the following correlation:

n 0.485Sh = 0.537( RaLe) (58)Ï

where the exponent is in good agreement with the value 0.5
assessed by the scale analysis.

To show the effect of n on the � ow structure, the results
from the scaling analysis that corresponds to the shear-thinning
� uids (n < 1) are plotted with the solid lines in Fig. 2 to be
distinguishable from shear-thickening � uids (n > 1). From this
� gure it is evident that if the Le > 1 and Ra > 1 (regime I),
the scale analysis results show boundary-layer structures for
both shear-thinning and shear-thickening � uids; whereas, when
Le < 1 and Ra > 1 (regime II), there exists a region where the
� ow experiences a boundary-layer structure when n < 1 and
diffusion-dominated � ow when n > 1.

The validity of the aforementioned scaling results is con-
� rmed by the observation of the � ow, temperature, and con-
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Fig. 8 In� uence of the power-law index on the pattern of a) streamlines, b) isotherms, and c) concentration lines (for Ra = 100, Le = 10,
and N = 5).

Fig. 9 Variation of the Nusselt number with the buoyancy num-
ber: in� uence of the power-law index (Ra = 100 and Le = 10).

centration � elds plotted in Fig. 5 (for Le > 1) and Fig. 6 (for
Le < 1). These results correspond to the points a and b in Fig.
2, respectively. The streamlines are equally spaced with spec-
i� ed increments, between a value of zero on the boundary and
the extreme value. It may be seen from the streamlines (see
Figs. 5 and 6) that changing the power-law index modi� es the
� ow structure, at n > 1, the entire enclosure is affected by the
� ow; whereas when n < 1, boundary layers appear. This mod-
i� cation of the � ow structure has a direct consequence on the
concentration � elds. This effect can be observed clearly from
the results presented in Fig. 6, Le = 0.1, which corresponds
to point b in Fig. 2. This point corresponds to the � ow where

Sh ; 1, when the � uid is shear thickening. On the other
hand, when the � uid is a shear-thinning � uid, it yields Sh ;
(L /H ) Le. Thus, as predicted via scale analysis, at point b

2n
RaÏ

the � ow has a boundary-layer structure when the � uid is shear-
thinning � uid. For the shear-thickening � uids the � ow is in-
deed diffusion dominated. Speci� cally, our numerical results
show that for n = 1.6 the concentration lines (see Fig. 6) are
parallel to the vertical walls, indicating that most of the mass
transfer is by diffusion. As the power-law index decreases, the
concentration lines are distorted, which is an indication of the
transition from mass transfer dominated by diffusion to mass
transfer dominated by convection. Thus, the numerical results
in Fig. 6 agree with the trends of the scaling prediction. For
heat transfer-driven � ow, comparing the streamlines and the
isotherms presented in Figs. 5 and 6, as predicted via scale
analysis it is seen that the � ow� elds and the temperature � elds
are independent of the Lewis number.

For the mass transfer-driven � ow, as discussed in the scale-
analysis section, the buoyancy is caused primarily by the con-
centration gradients, i.e., N > 1. For this situation, Eq. (35)
yields

n 1/2Sh ; (L /H )( NRaLe) (59)Ï

The conclusions that can be drawn from the scale analysis are
that the Sherwood number is directly proportional to the buoy-
ancy ratio, the Rayleigh number, and the Lewis number, and
it is inversely proportional to the power-law index. Table 3
summarizes the numerical experiments, for Ra = 100 and Le
= 10, performed to document the effect of N and n. As ex-
pected, the Sherwood number is clearly seen to increase with
increasing N. From the results we can also conclude that, for
a � xed value of the buoyancy ratio, the Sherwood number
increases with decreasing n. These � ndings are in agreement
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Fig. 10 Vertical velocity pro� les in the horizontal midplane at
Ra = 100, Le = 10, and N = 5.

Table 2 Numerical results for heat transfer-driven � owsa

Ra Le

n

1.6

Nu Sh

0.5

Nu Sh

100.00 10.00 1.56 6.38 22.30 133.20
100.00 1.56 20.21 22.30 407.02
500.00 1.56 42.10 22.30 889.21

200.00 10.00 1.99 8.15 42.31 279.88
100.00 1.99 25.20 42.30 855.01
500.00 1.99 52.21 —— ——

500.00 10.00 2.81 11.30 —— ——
100.00 2.81 34.10 —— ——

a
Average Nusselt and Sherwood numbers.

Table 3 Numerical results for mass transfer-driven � ow
for Ra = 100 and Le = 10a

N

n

1.60

Nu Sh

1.00

Nu Sh

0.50

Nu Sh

5.00 1.86 12.40 4.99 34.00 55.01 674.31
10.00 2.21 15.20 6.58 44.81 63.30 1298.72
15.00 2.43 17.21 7.71 56.71 —— ——
20.00 2.62 18.81 8.70 64.51 —— ——
a
Average Nusselt and Sherwood numbers.

with the scaling prediction. The set of results obtained for dif-
ferent values of N and n at Le = 10 and Ra = 100 are depicted
in Table 3 and lead to the following correlation:

n 0.473Sh = 0.6316( NRaLe) (60)Ï

where the exponent is in good agreement with the scaling
value of 1/2.

Figure 7 shows the numerical results of Table 3, plotted as
Sh vs . The analytical solution represented by

n( NRaLe)Ï
dashed lines [Eq. (60)], is seen to be in excellent agreement
with the numerical solution of the full governing equation,
depicted by circles for shear-thickening � uids, � lled-circles for
Newtonian � uids, and dotted boxes for shear-thinning � uids.

To illustrate the nature of the numerical solution the stream-
lines, isotherms, and concentration pro� les are plotted in Fig.
8 for Ra = 100, Le = 10, N = 5; and n = 0.5 (shear-thinning
� uids), n = 1 (Newtonian � uids), and n = 1.6 (shear-thickening
� uids). From the results we observe that a signi� cant change
in the velocity, concentration, and temperature � elds occurs
with a change in n. At the given Ra, Le, and N, the shear-
thinning � uid (n = 0.5) features increased � ow circulation
within the cavity; thus making the boundary-layer thinner near

the two vertical walls and the core � uid more stagnant, as
compared with the Newtonian � uid n = 1. On the other hand,
in the case of the shear-thickening � uid (n = 1.6), the � ow
slows down.

In conclusion, the numerical experiments and scale analysis
of the present study provide a balanced description of the phe-
nomenon of natural convection in a porous layer with com-
bined buoyancy effects.

Heat Transfer Results

The overall heat transfer rate of the system under consid-
eration is summarized by resorting to the Nusselt number, de-
� ned as

A
1 ­T

Nu = dy (61)EA ­x0

In the present analysis the in� uence of the various input
parameters (Ra, Le, N, and n) on the overall behavior of the
system is illustrated by plotting graphs of Nu vs the input
parameters.

The results presented in the scale-analysis section show that

n 1/2Nu ; (L /H )( Ra) (62)Ï

for heat transfer-driven � ow, and

L n 1/2( NRa) if d < dÏ T C
H

Nu ; (63)1/2n
L NRaÏH if d > dT CS DH Le

for the mass transfer-driven � ow. Results from the scale anal-
ysis predict the overall increase of the average heat transfer
caused by the Ra. The results also show that the Nusselt num-
ber is independent of the Lewis number in the heat transfer-
driven � ow. In the mass transfer-driven � ow, Nu varies with
the Lewis number when dT < dC. Furthermore, Eqs. (62) and
(63) predict an increase of the Nusselt number when decreas-
ing the power-law index. Observation of the numerical results
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presented in Tables 2 and 3 con� rm the predictions made by
the scale analysis. A view of the heat transfer within a porous
layer heated from the side is given in Fig. 9, where the nu-
merically determined overall Nusselt number Nu is plotted as
a function of N and n. Figure 9 indicates that Nu increases
monotonically when increasing N in all power-law � uids con-
sidered herein. Here again it appears clearly that for a � xed
value of N the Nusselt number increases as n decreases. This
is because the apparent viscosity is reduced with a shear rate
increase.

The in� uence of the power-law index on the average heat
transfer implies that the convective transport of heat increases
with decreasing n. Figure 6 for the heat transfer-driven � ow
and Fig. 8 for the mass transfer-driven � ow exemplify this
prediction by showing a signi� cant change in the velocity, tem-
perature, and concentration � elds with a change in the power-
law index. As discussed in the preceding section the results
showed that decreasing the power-law index results in
strengthening the � ow circulation within the cavity. This is
well illustrated by the vertical velocity pro� les in the horizon-
tal midplane (Fig. 10) for n = 0.5, 1.0, and 1.6 at Ra = 100,
Le = 10, and N = 5.0, respectively. The pro� les clearly show
that the velocity maximum increases, and the thickness of the
corresponding boundary layer decreases, with decreasing n.
Stronger convection, for shear-thinning � uids, results in turn
in enhanced heat transfer, which is in agreement with the scal-
ing prediction.

Conclusions
Using the modi� ed Darcy model of Pascal,14 we examined

the steady double diffusion in a rectangular cavity saturated
with a non-Newtonian � uid. The effect of the major system
parameters (Ra, Le, N, and n) on the double-diffusion phenom-
enon has been investigated in two different manners: numeri-
cally and by using a scaling approach. These two methods
provide a balanced description of the phenomenon of double
diffusion in a porous layer. The numerical results support the
trends and � ow regimes predicted by the theoretical order-of-
magnitude analysis. The scale analysis, on the other hand, suc-
cessfully sorted out the many effects that in� uence the out-
come of the discrete numerical experiment.

Summarizing the results of the analytical and numerical
analyses, the following conclusions can be drawn. The average
Sherwood and Nusselt numbers are found to be sensitive to
the Rayleigh number, Lewis number, buoyancy ratio, and the
power-law index of the � uids. The power-law index is ob-
served to in� uence the � ow, temperature, and concentration
� elds signi� cantly. Compared to the Newtonian � uids, a de-
crease in the power-law index (shear-thinning � uids) enhances
the convection heat and mass transfer while an increase in the
power-law index (shear-thickening � uids) yields correspond-
ing reductions. In the case of heat transfer-driven � ow (N =
0) for the non-Newtonian � uids with different power-law in-

dexes, the heat transfer results are independent on the Lewis
number. The mass transfer results, however, depend on Le.
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